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Abstract In the present paper we study the causal 
structure of a topological black hole presented by Mann 
R. B. JHEP 06, 075 (2009) by mean the standard 
Lagrangian procedure, which allow us analyze quali- 
tatively the behavior of test particles using the effec- 
tive potential. Then, the geodesic motion of massive 
and massless particles is obtained analytically. We find 
that confined orbits are forbidden on this spacetime, 
however radial photons can escape to infinity in an in- 
finite proper time but in a finite coordinate time, this 
correspond to an interesting and novel result. 
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1 Introduction 



Geodesies; Causal 



In the last years much attention have been focused 
in the applicatio n of the AdS/CFT correspondence 
( Maldacenal 119981 ) beyond high energy physics to an- 
other areas of physics, where a more general class of 
spacetimes could be the gravitational dual, for instance, 
to non relativistic scale invariant theories of condensed 



matter physics. In (JKachru et al.l 120081 ) has been con- 
jetured gravity duals of non relativistic Lifshitz -like 
fixed points which describe multicritical points in cer- 
tain magnetic materials and liquid crystal, these curved 
duals are called Lifshitz spacetimes. An important 
feature of these spacetimes is its invariance under an 
anisotropic scale transformation. There are many theo- 
ries with anisotropic invariant scale of interest in study- 
ing such critical points instead of the scale invariance 
which arises in the conformal group, particularly in the 
studies of critical exponent theory and phase transi- 
tions. Systems with these features have appears in the 
description of strongly correlated electrons of strange 



metals ( Hartnolj uOlOl) . The scale invariance is ex- 
pressed as i — > A^i, X — >■ Ace, where z 7^ 1 is the critical 
exponent which measure the degree of anisotropy be- 
tween spatial and temporal scalings. 

On the gravitational side, _D-dimcnsional spacetimes 
that exhibit these symmetries arc described by the Lif- 
shitz metrics 



J2z 



ds^ 



P' 



-dt^ 



rdr^ 



P 



dx' 



(1) 



where x represents a D — 2 dimensional spatial vec- 
tor and I denotes the length scale in the geometry. If 
2 = 1, the spacetime is the usual anti-dc Sitter metric 
in Poincare coordinates and have the larger symmetry 
SO{D — 1,2). AU curvature invariants of metric ^ 
are constant and these spacetimes have a null curva- 
ture singularity at r — > for z ^ 1, this can be seen 
by computing the tidal forces between infalling parti- 
cles. This singularity is reached in finite proper time 
by infalling observers so the spaceti me is geodesically 



incomplete ([Horowitz &: Way 1 120111 ). A natural ex- 



tension of the above spacetime is consider black hole 
solutions in this background whose asymptotic behav- 
ior is given by (P), t hese are called asymptotically 
Lifshitz black holes ( Balasubramanian fc McGreevv 



2009l) - |Dehghani fc Mannlboiol ) 

We are interesting in analyze the geodesic structure 
of a class of asymptotically Lifshitz black hole recently 
found in the literature, performing a study of freely 
moving of test particles and photons. The geodesic 
equations of motions are a set of ordinary differential 
equations describing the evolution of the coordinates 
of these test particles as a function of an affine param- 
eter. If the spacetime have symmetries the conserved 
quantities associate to these symmetries simplify the 
analysis of the equations. The geodesic structure of 
the Schwarzschild, Reissner-Nordstrom and Kerr black 
holes were studied by Chandrasckhar (jChandrasekar 
19831) . The geodesic study in a Schwarzschild space- 
time background was the key to understand various 
astrophysical phenomena, as planetary motion, gravi- 
tational Icnsing and radar delay among others. Besides 
of astrophysical objects it is important to study, mo- 
tivate d by the AdS/CFT correspondence (JMaldacena 
19981) and its generalizations, the geodesic structure 
of black holes with an asymptotic behavior different 
than the flat case, furthermore these black holes pro- 
vide a theoretical laboratory for understanding inter- 
esting features of black holes physics. In this regard, 
geodesies around the S chwarzschild anti-de Sitter blac k 
hole was studied i n (IKraniotis fc Whitehousd 



Cruz et al. 2005 )-( Hackmann fc Lammerzahll 



2003) 



2008) 



Hackmann fc Lammerzahll2008l ). and the SchwarzschilcH 



de Sit t er case in (IJaklitsch et al.ll989l) - (|Stuchlik fc Calvani^ 



199ll) - |Podolsky| Il999l) . The motion of uncharged 
particles in Reissner-Nordstrom black hole with a 
non-zero cosmological c o nstant has been stud ied in 
( Stuchlik fc Hledikll2002l )- (IVillanueva et al.l2013l). while| 
the s tudy of charged particles can be found in ( Olivares et al.[ 
i2011i) . Orb its in Kerr and Kerr (anti) de Sitter are cal- 
culated in ( Kranotia 120041 ). Study of geodesic motion 
of test particles in higher dimensional Schwarzschild, 
Schwarzschild anti-de Sitter, Reissner-Nordstrom and 

Reissncr-Nordstror n anti-de Sitter spacet i mes can be 

found in references ( Hackmann et al.l2009 )-( Gibbons fc Vvska[ 



2012I) . where complete solutions and a classification of 



the possible orbits in these geometries in term of elliptic 
functions have been obtained. 

In this article we will study the geodesic structure 
of the topological Lifshitz black hole in 3-1-1 dimensions 
with critical exponent z = 2 (JMannI 120091 ). We will 
perform an analysis of particle motions by means of an 
effective potential, we will provide graphics of the orbits 
and classify different kinds of motion for particles by the 
values of its angular momentum. 

This paper is organized as follows. In Sec. 2, we 
briefly review some features of topological Lifshitz black 
hole. In Sec. 3 we obtain the radial equation of motion 
for geodesies with an effective potential. Therefore we 
study null and time-like geodesies. We conclude in Sec. 
4 with some final remarks. 



2 Topological Lifshitz Black Hole 

Four dimensi onal topolo gical Lifshitz black hole was 
presented in (|Mannll2009l ) where the author obtained a 
black hole solution with critical exponent z = 2, which 
posses an event horizon if the curvature of the trans- 
verse spatial sections is negative fc = — 1. These kinds 
of black holes are described by the following metric. 



ds^ = - 



r^fir) 



dt^ 



dr^ 



Hd0^ 



where the lapse function /(r) is given by 



sinh^6ld(/)2), (2) 



(3) 



and the coordinates are defined in the intervals — 00 < 
i < 00, r > 0, < (^ < 27r, and < 6* < 27r. In FIG. 
[1] wc show a graph of the lapse function for topological 
Lifshitz black holes. 

The event horizon is located at 7'_|- — (i/^/2, and cor- 
responds to a coordinate singularity, which can be seen 
from the Ricci scalar. 



J.2 J.2 



(4) 



/('■) 




where the dot corresponds to derivative with respect 
to an afhne parameter along the geodesic, and, by nor- 
mahzation, m = 1 for massive particles and m ~ for 
massless particles. 

Since (i, (p) are cyclic coordinates, their conjugate 



momenta, Ilg, are conserved. In our case we obtain, 
n^ = r (/)sinh 9 ^ L, 



and. 



(9) 



n* 



Fig. 1 Plot of the lapse function as a function of the radial 
coordinate, r, with ^ = 10 (r+ = 5-\/2)- 



such that, 



JXr— r4 



10 



(5) 



The principal quadratic invariant of the Ricci tensor 
and the Kretschmann scalar are given by the following 
expressions 



R^uR'^" 



and 






33r4 



Srir^ + r4 



„4 „4 



i{r\-2r\r'^+<dr'^) 



(6) 



(7) 



respectively. These invariants tell us that the physical 
singul arity is located at r = 0. 

In (JGonzalez et al.ll2012l ) a study of the quasinormal 
modes and the absorption cross section for this black 
hole was performed, and was shown that it is stable 
under scalar field perturbations. 

Finally, it's interesting to notice that metric ^ looks 
analogue to a zero-mass topological AdS black hole 
( Mann||l997[) . 



3 Geodesic Structure 

In order to compute the geodesic structure of the topo- 
logical Lifshitz black hole, we will use the standard 
Lagrangian procedure (jCruz et al.ll2005l ). and thus, we 
write the Lagrangian associated to the metric ([5]), re- 
sulting 



2C 



r'f{r),2 



2r\ 



+ ^— + r2(^2+sinh^6'(/)2) =^-TO, (8) 



2rl 



fir)t = -VE 



(10) 



Here L is the angular momentum, but the constant of 
motion E cannot be associated globally to the energy 
because this spacetime is not asymptotically flat. On 
the other hand, eq. Q implies that the motion is per- 
formed in an invariant plane, which, for simplicity, we 
choose to be the plane defined by 6* = 6o, such that, 
sinh 9q = 1. In this way, we rewrite eq. ^ as 



r^(j) 



(11) 



Then, introducing eqs. ([TU)) and (|lip into eq. (|S]), 
we obtain the radial equation of motion, 

r^ = 2^[E-Vir)], (12) 

where V(r) is the effective potential given by 

i'M-j^(^-i)('» + ^)^ "=» 

In the next sections, based in this effective potential, we 
will study all possible motion for massive and massless 
particles. 

3.1 Null Geodesies 

Null geodesic corresponds to a photon trajectory, i. e., 
m = 0, so, the effective potential, P^ . takes the form. 



1 L^ / ^2 

Mr) = T — — - 1 
4 rl V rl 



3.1.1 Radial Motion 



(14) 



Radial photons are characterized by vanishing angular 
momentum (i = 0), which implies that effective poten- 
tial vanishes too. 



Vnr{r) = 0, 



(15) 



and thus, photons have the possibihty of not falhng into 
the black hole and escape indefinitely towards spatial 
infinity. Therefore, eq. (fT2|) becomes 



''' = 2i?-±, 



so, an elementary integration yields to 






"2^/2^, 



i?0 



(16) 



(17) 



where -Ro corresponds to the radial distance in which 
r = 0. 

Next, making use of the identity 



dr 



t. 



(18) 



together with eqs. pUj) and P^ . we obtain the quadra- 
ture 



dr 1 r f r" 



"2V21 



(19) 



Therefore, integrating this last equation from Rq {t{r 
Rq) = 0) to r, we obtain 



t{r) =±V27 



In 



-In I — 

Rq 



(20) 



In FIG. [2] we show the proper time r and the coordi- 






O 




Fig. 2 Plot of the proper time, T{r), and coordinate time, 
t{r), as a function of the radial coordinate r with £ = 10. 

nate time i as a function of the radial coordinate r. As 
in Schwarzschild spacetime, photons fall into the black 
hole in a finite proper time, however an external ob- 
server see that photons fall asymtotically to the black 
hole. Moreover, the topological Lifshitz black hole ad- 
mits radial photons come to infinity, and, in the proper 
system they come to infinity in infinity proper time, but 
an external observer sec that they come to infinity in a 



finite coordinate time, ii, given by 

Rl 



ii = lim i(r) = \/2r+ In 



(21) 



This situation is unique with respect to the Einstein's 
spacetimes. 

3.1.2 Angular Motion 

In this case photons posses angular momentum L > 0, 
thus, its effective potential is 



Vna{r) 



4 d 



1 



(22) 



which is shown in FIG. [S] 




Fig. 3 Effective potential for photons in angular motion, 
V„a{r), with r+ = 5^2 {I = 10) and L = 4. 



Next, using the identity 



(23) 



together with the motion integral ([9|), cq. (TTTI) can be 
written as 



, dry „ 2 2 /^ 1 1 7-^ 



-1/2 



(24) 



where 2) = ( p' + 4 t- ) is the anomalous impact 

parameter^ and 6 = yL^/E corresponds to the usual 
impact parameter. Now, making the change of variable 
X = —i^ — , we obtain 

V2r+ 



0(x) 



-dx 



xo X- x/Vix) 



(25) 



where 7^(2;) is a second order polynomial given by 
T'{x) = Xg — x^, with Xo = X° , and tq corresponds 
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Fig. 4 Polar trajectory ^\ with r+ = 5\/2 {H = 10) and 
L = 4. 



to the value of r when t = r = 0. Integrating eq. (P5|) . 
we obtain 



(x) = — arccosh ( — ) 
Xn \ X J 



(26) 



(27) 



Xq \ X 

therefore, the polar trajectory is given by 

r((/)) = To scch [ ° 0j , 

which is shown in FIG. ID 
3.2 Time-Like Geodesies 



In this section we will consider the motion of massive 
particles on the background of the topological Lifshitz 
black hole. In this case we have m = 1, therefore, the 
effective potential ((T^ acquires the form 



Vtir) 



1 r^ 

4^ 



11 



L^ 



(28) 



3.2.1 Radial Motion 



For this situation the particles have zero angular mo- 
mentum L = 0, and the effective potential (|28)) simpli- 
fies to 



Vtrir) 



1 r' 



1 



(29) 



this potential is shown in FIG. [5] 

In this way, eqs. ((TT|) and p9| lead to the quadrature 






--ij'^- 



(30) 




Fig. 5 Effective potential for massive radial particles, 
Vtr{r), with r+ = 5^ {£ = 10) and L = 4. 



SO that making the change of variable r — r^ \/2y , eq. 
((50)) becomes 



T{y) 



dy 



V2 Jyo v/^+f-?/' 



(31) 



where we assume that t(j/o) = tq = 0- So, integrating 
eq. ([3T|) we find 



(32) 



^^W _ ^ „.„.;„ |^2r^-r+ 



= arcsm , s ^ , , 

r+ 2 V2i??-?'+y' 

and therefore, we obtain the final expression 



.(.) = ^Jl+f25-llsinf^-V2:^ 



(33) 



V2' 



On the other side, using (fTO|) and (fT8| into eq. (j30 
and then integrating the quadrature, we obtain 



tjr) 
V2r^ 



— arccosh 



arccosh 



8£;- 



1 



T-iJl^t-1 



8^;- 



S(2f-l) 



+ ^t, 



(34) 



where 



ZUt 



arccosh 



arccosh 




(35) 



and the turning point, Ri, is given by 



1 + VT+T6E 
Ri = \ 7^ r+- 



(36) 



FIG. E] shows a graph of eqs. §3^ and (|34l). 



where 




Fig. 6 Proper and coordinate time for radial massive par- 
ticles as a function of radial coordinate r with r+ = 5-\/2 
{£ = 10) and i = 4. 



3.2.2 Angular motion 

Particles with angular motion are characterized by L > 
0. The effective potential in this case is given by 



, , \ r' r' \ L 



which is depicted in FIG. [T] 



(37) 




Fig. 7 Effective potential of angular massive particles, 
Vta{r), with r+ = 5^ (^ = 10) and L = 4. 



fi = E + — — r , and cr 



8 r4 ' 



4 r' 



(40) 



Making the integration and returning to the original 
variables we obtain an analytical expression for r{(f>), 
the polar form of the orbit 



r(</)) = rii 



l + Q 



1 + Q cosh(ao4') 
where the turning point is given explicitly by 

'^^ " VTTn ■' 

and the constants fl and ao are defined as 



n 



1 



M 



and ao 



477Z7 



L2 



(41) 



(42) 



(43) 



respectively. FIG. [8] shows the polar trajectory of mas- 
sive particles (|1T|) . 




'ig. 8 Polar trajectory (|4T} with r+ = 5\/2 (£ = 10) and 



Fig 

L = 4 



Using eqs. ©, (gT]) and dSZ]) we get 



4 Summary 






^ =2 



~L2~ 



1 r"^ / r' 



L2 



and, after the change of variable r ^ r+ y/2y in the 
above equation, we obtain the following expression 



<Pix) 



1 £2 

'4 rl 



dy 



vVf^ - cry - y2 ' 



In this work we have studied the causal structure of 
topological Lifshitz black hole using the standard La- 

f38) grangian procedure. We analyzed the radial and angu- 
lar motion of massless and massive test particles on this 
background. Because the metric coefficients doesn't de- 
pends on the temporal and azimuthal coordinates, it al- 
lows us to find two integrals of motion, and reduce the 
system of equations to one radial equation of motion 

(39) with an effective potential. We have obtained analyti- 
cal expressions for the proper time and coordinate time 



as a function of the radial coordinate as well as ana- 
lytical expressions for the polar form of the orbits in 
all cases considered. For radial photons we obtain that 
the solutions show a similar behavior to what occurs in 
the Schwarzschild black hole, in the sense that in the 
proper time framework, these radial massless particles 
reach the event horizon and cross it in a finite proper 
time, however in the coordinate time framework, the 
external observer sees that takes an infinite time the 
particles to reach the horizon. Besides, on other hand, 
topological Lifshitz black hole admits radial photons 
come to infinity in a finite coordinate time as seen by 
an external observer, these results are depicted in FIG 

2. For photons with angular momentum, the effective 
potential is unbounded and increases with the radial 
distance acting as an attractive force, as show FIG. 

3. Therefore, non radial photons always will reach the 
event horizon, this can be seen additionally in FIG. 4 
where the polar trajectory of the photon is illustrated. 
For massive particles the effective potential have a qual- 
itatively similar behavior for both radial and non-radial 
particles. Analogous to the above case of non-radial 
photons, these potentials increase with the radial dis- 
tance, which means that the particles are confined and 
all them will reach the event horizon. Therefore the 
space-time doesn't admit bounded orbits. In FIG 8 we 
show the orbit of a generic non-radial massive particle. 
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